
Lecture 7

Today Rockafellow's theorem

The dud problem

From last time

Theorem If sqrtxy is c cyclically

monotone there exists a c convex function

phiXrightarrowmathbbR sit

leftxyrightinGammaRightarrowyinpartialaphileftxright

Proof continued

Last time we fixed leftxyright and

introduced the function phiXrightarrowmathbbR by

phileftxrightsupcleftxy0rightcleftx0yrightsum_k1ncleftxk1ykrightcleftxkykright



leftleftlanglexkykrightranglerightk0nsubsetGamma and

xnxynyk
we noted that dleftxrightleq0 by c cyclical
monotonicity and that in this case

d is well defined and inherits whatever

modules of continuits x Cleftxyright has

that in uniform in y

What remains to show is the two key

facts
phileftxright is c convex

I f lefthatxhatyrightinGamma then

hatyinpartialcphilefthatxright

Let's show for see the

exercise after the proof



FPilefthatxhatMrightGamma Then forall so exists

a sequence leftleftxlavylalleftarrowrightrightk0n s t

1nwarrowbackslash

leftcrightvarepsilonbackslashphileftxrightgeqleftlangleleftx1y0rightleftlangle1x0y0rightrangleright
left2right sqrt

leftvarepsilonrightleftSigmarightleftsum_k1wedgecleftxk1ykrightleftlangleleftxkykrightrightright
forallx

and

wedge 1nwarrowbackslash

leftcrightvarepsilonbackslashphilefthatxrightvarepsilonleqleftlangleleftx1y0rightrangleleftlangleleftx0y0rightranglerightright
157 sqrt

leftvarepsilonrightleftSigmarightleftsum_k1wedgeleftlangleleftxk1ykrightleftlangleleftxkykrightrightrightright
Since

leftleftpipirightleftx0y0rightldotsleftxnyn4rightrightsubsetGamma
leftlangleLvarepsilonright

we have for all xX



phileftxrightgeqcleftxhatbrightclefthatxhatnrightOmegabackslashnwarrowbackslash

clefthatxyleft0rightcleftx0y0rightrightsum_k1nleftleftxk1left2rightykleftkrightleftleft7rightkleftkrightykleft1rightranglerightrightright
write

alphaleftvarepsilonrightclefthatxy0leftvarepsilonrightrightcleftx0varepsilon7y0varepsilon7right

sum_k1ncleftxk1leftvarepsilonrightykleftvarepsilonrightrightcleftxkleftvarepsilonrightykleftvarepsilonrightright
Then forallxinX I

phileftxrightgeqcleftxhatyrightclefthatxhatsrightalphaleftlanglevarepsilonrightrangle
Letting Sigmarightarrow0 and using the definition

of leftleftxkleftvarepsilonrightxkleftvarepsilonrightranglerightk0nright we conclude

that



phileftxrightgeqcleftxhatyrightclefthatxhatyrightphilefthatxright

Rightarrowhatypartialcphilefthatxright

For see the following exercise

Exercise Consider a family of c convex

functions leftphiirightiinI and define

phileftxrightsup_iphiileftlanglexright
Show that it leftdirighti is equibounded

and unforty contr then nless is c convex



The dual problem AKA the

shippers dilemma

price to pick up at 31

x2phi1x1 y4

y3

x5
6

x3x4

price to
drop off at yy2y1 psi2

Let us consider the situation we

presented when we introduced the

discrete Kantorovich problem

Suppose you run a shipping company



you charge on amount qi for the

picking up of one unit of mass at a

location xi and change an amount

psij for putting a unit M mass at

location yj

Assume the amount ol mass say Comber

at xibetafi and the demand at

yj is gj with sumfisumgj Then

The total income to the shipper is

sum_i1mphiifisum_j1npsijgj
The shipper wants to make this as

large as possible However the shipper has

the contend with the constrain



phiipsijleqcij

for if the opposite inequality held

the lumber mill at xi and factory yj
would rather do the transportation
Themselves with a lower cost of eij

Therefore we have the following

maximization problem

maximize
sum_i1mphiifisum_j1npsijgjphiipsijleqcij

subject to

This is the discrete dual problem
to the Kantorovich problem



The dual problem general core

Given CXtimesY 1 continuous and

GammafracDleftXright nuinIleftvarphiright XY assumed compact

then consider the following
maximization problem

int_XphidRint_Ypsidrmax
dt

phileftxrightfleftxrightleqcleftxxrightphiinLleftGammarightpsiinL1left2right
subject to

The Dual Problem


